Abstract. This paper is continuation of the paper "Primitive roots in quadratic field". We consider an analogue of Artin's primitive root conjecture for algebraic numbers which is not a unit in real quadratic fields. Given such an algebraic number, for a rational prime p which is inert in the field the maximal order of the unit modulo p is p 2 − 1. An extension of Artin's conjecture is that there are infinitely many such inert primes for which this order is maximal. we show that for any choice of 85 algebraic numbers satisfying a certain simple restriction, there is at least one of the algebraic numbers which satisfies the above version of Artin's conjecture.
Introduction
This paper is continuation of the paper "Primitive roots in quadratic field" ( [8] ). In this paper we considered an analogue of Artin's primitive root conjecture for units in real quadratic fields. Given such a nontrivial unit, for any rational prime p which is inert, the maximal order of the unit modulo p is p + 1. An extension of Artin's conjecture is that there are infinitely many such inert primes for which this order is maximal. This is known at present only under the Generalized Riemann Hypothesis. Unconditionally, we showed that for any choice of 7 units in different real quadratic fields satisfying a certain simple restriction, there is at least one of the units which satisfies the above version of Artin's conjecture. In this paper we want to extend this result for any algebraic integer modulo inert prime p. we will prove Then at least one of the 85 integers has at least order
mod p for infinitely many inert primes p in K.
Note that in the case of split primes, Narkiewicz ([12] ) proved a much stronger result.
Since in our case the order is p 2 − 1, which is not "linear", some of their divisors are too big and we cannot use the method of [6] . But since p 2 − 1 = (p − 1)(p + 1) can be factored into two linear factors, with the following remark we can still use the method of [6] 
we have:
In addition:
So,
Let e 1 and e 2 be some integers. If we prove that M(α) and N(α) have simultaneously at least orders , respectively, then we will obtain that α has at least order
. This way we reduce the problem to a "linear" problem. |E(y; m, s)| .
} where u, v are some given integers such that (u, v) = 1, and take X =
By the Chinese Remainder Theorem, for each m there exists an integer l m such that
Since |{p|p ≤ x, p ≡ l m (mod dv)}| is asymptotically independent of m, there exists some integer l such that
We note that ρ(q) = 2 for any prime q, and hence for any square-free
By the definition of E(x; dv, l),
For any prime q define ω(q) :
and
Finally, we define the Möbius function, µ(1) = 1 and for a square-free
Now we want to prove two lemmas. Lemma 1.3. For any prime q > 3 which is relatively prime to v we have:
where O does not depend on z or w.
Proof. Since q > 3, it is clear that (1.1) holds.
As for the second equality, 
Hence we get (1.2). Finally,
, and a real number A > 0, there exist constants c 2 (≥ 1) and c 3 (≥ 1) such that
Proof. Denote by S R the term which we need to estimate.
, we get that
By Cauchy's Inequality,
For sufficiently large x we obtain
With Bombieri-Vinogradov Theorem [2] (given any positive constant e 1 , there exists a positive constant e 2 such that
)) for the last sum and the inequality [5] , p.115, equation (6.7)) we find that for given constant B there exists c 2 such that
So, for given A there exists c 2 such that
where ≪ depends on v and c 2 .
1.2. Proof of Theorem 1.1 -the sieve part. In this section we use the Selberg lower bound sieve and show that there is some small real number δ 1 and some constant c(δ 1 ) > 0 (which depends on δ 1 ) such that for at least c(δ 1 ) 
By Lemma 1.3 (1.3) we have for δ 0 sufficiently small
Thus for such δ 0 we obtain that there is a constant c(δ 0 ) > 0 (which depends on δ 0 ) such that for at least c(δ 0 )
Hence we obtain that for all 0 < δ 1 < δ 0 there is a constant c(δ 1 ) > 0 (which depends on δ 1 ) such that for at least c(δ 1 )
2 − 1 then either q > x 1/8+δ 1 or q|v.
1.3.
Proof of Theorem 1.1 -The algebraic part.
Construction of the arithmetic sequence.
Let K = Q( √ ∆) be any quadratic field, O the integers ring of K, α ∈ O any algebraic integer and a = N(α). In this section we want to construct integers u and v, (u, v) = 1 such that for all primes p such that p ≡ u (mod v), the discriminant ∆ of Q( √ ∆) and a satisfy
This means that p is inert and a is not a quadratic residue (mod p). In addition we want to obtain by the construction that ( , v) = 1 (since after sieving the small factors of
we may be left with small factors which divide v, see previous section).
In order to fulfill these demands, we will first show that there exist infinitely many primes p satisfying the following simultaneous conditions (1.6) (
This condition is equivalent to the condition:
Since the Legendre symbol is a multiplicative function, we obtain,
Let S be the set of all integers of the form n = (−1)
By the assumption in the theorem each n ∈ S is not a perfect square We fix some particular p 0 satisfying the condition (1.6) and for each odd prime l = 3, such that l|24a∆, we define u l = p 0 if l ∤ p Let v = 24a∆ and u be the common solution of u ≡ u 2 (mod 16), u ≡ u 3 (mod 9) and all the congruences u ≡ u l (mod l). Such a solution exists, by the Chinese Remainder Theorem.
Since l ∤ u 2 − 1 for every odd prime l = 2, 3, l | v, and by the construction (
, 6) = 1 we conclude that (
Finally, if p ≡ u (mod v), then p ≡ p 0 (mod 24) and p ≡ p 0 or 4p 0 (mod l) for all odd primes l|v. So, ( Note that by the construction of the integers u and v we have that (u, v) = 1. (take l an odd prime number, l | v = 24a∆ and assume that l | u. Since u ≡ u l (mod l), l | u l . Hence l | p 0 or 9p 0 (in this case l = 2, 3). In other words l = p 0 . But p 0 ∤ 24a∆ (p 0 fulfills the simultaneous condition (1.6)) and l | 24a∆).
1.3.2.
The last step of the proof. As we saw at the previous subsections, for at least c(δ 1 )
Since by the construction of u and v, p ≡ 1 (mod 4) and ( , v) = 1
If we conclude the result about p − 1 and p + 1 we have for at least c 1 (δ 1 ) For the last step of the proof we need to use a version of Lemma 4 from Narkiewicz [12] , which generalized Lemma 2 in [3] . Lemma 1.7. If a 1 , . . . a k are multiplicatively independent algebraic numbers of an algebraic number-field K, G the subgroup of K ⋆ generated by a 1 , . . . a k , and for any prime ideal P not dividing a 1 , · · · a k we denote by G P the reduction of G (mod P), then for all positive y one can have |G P | < y for at most O(y Proof. According to [12] , For any real number T denote by M = M(T ) the set of all k-element sequences (r 1 , ..., r k ) of non-negative integers satisfying
It is easy to see that for T tending to infinity |M(T )| = (c + o(1))T k with suitable positive constant c = c k . If now P is a prime ideal for which |G P | < y, then select T to be the smallest rational integer with cT k > 2y and let a i = for sufficiently small δ 1 .
So, for at most six integers from a i 1 , ..., a i 7 , q 1 (p) divides [F * p : ā i k ] for k = 1, ..., 7. In other words for at most six from a i 1 , ..., a i 7 q 1 (p) does not divide | ā i k |. Hence for at least one integer, say a n , q 1 (p) divide | ā n |.
Denote by S n−1 the set {a 1 , ..., a n−1 }. By repeating the former process for S n−1 we obtain that for at least one integer, say a n−1 , q 1 (p) divide | ā n−1 |.
We continue this process till we obtain the set T 1 = {a 7 , ..., a n } where a 7 , ..., a n are multiplicatively independent integers such that q 1 (p) divides | ā t | for t = 7, ..., n.
By repeating this process for q 2 (p) we obtain for the set T 2 = {a 13 , ..., a n } that q 2 (p) divides | ā t | for t = 13, ..., n.
Again, by repeating this process for q m (p) we obtain for the set T m = {a 6m+1 , ..., a n } that q m (p) divides | ā t for t = 6m + 1, ..., n.
Since the maximum value of m is 7, if we take n = 6m + 1 = 43 multiplicatively independent integers we obtain that one of them have at least the order . This completes the proof of Theorem 1.1
